We investigate three kinds of heat produced in a system and a bath strongly coupled via an interaction Hamiltonian. By studying the energy flows between the system, the bath, and their interaction, we provide rigorous definitions of two types of heat, QS and QB from the energy loss of the system and the energy gain of the bath, respectively. This is in contrast to the equivalence of QS and QB, which is commonly assumed to hold in the weak coupling regime. The bath we consider is equipped with a thermostat which enables it to reach an equilibrium. We identify another kind of heat QSB from the energy dissipation of the bath into the super bath that provides the thermostat. We derive the fluctuation theorems (FT's) with the system variables and various heats, which are discussed in comparison with the FT for the total entropy production. We take an example of a sliding harmonic potential of a single Brownian particle in a fluid and calculate the three heats in a simplified model. These heats are found to equal on average in the steady state of energy, but show different fluctuations at all times. The nonequilibrium fluctuation theorem (FT) has been proven originally for deterministic systems [1] [2] [3] , later for stochastic systems [4] [5] [6] [7] [8] [9] [10] , and recently for quantum systems [11] [12] [13] [14] . It takes into account thermodynamic quantities such as heat and work which are continuously produced even in the steady state. Such quantities accumulated for a long time exhibit huge fluctuations around their means, which is especially prominent in small systems. Compared to work, heat is intriguing because it is interpreted as an energy exchange with practically unrecognizable bath. By assuming the master equation or the Langevin equation, heat is found as a function of stochastic trajectories [15, 16] .
The nonequilibrium fluctuation theorem (FT) has been proven originally for deterministic systems [1] [2] [3] , later for stochastic systems [4] [5] [6] [7] [8] [9] [10] , and recently for quantum systems [11] [12] [13] [14] . It takes into account thermodynamic quantities such as heat and work which are continuously produced even in the steady state. Such quantities accumulated for a long time exhibit huge fluctuations around their means, which is especially prominent in small systems. Compared to work, heat is intriguing because it is interpreted as an energy exchange with practically unrecognizable bath. By assuming the master equation or the Langevin equation, heat is found as a function of stochastic trajectories [15, 16] .
Recent studies, mostly quantum mechanical, have more concentrated on a system strongly coupled with a bath [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . In spite of extensive efforts, however, it is pointed out in Ref. [14] that a consistent definition of heat for the strong coupling regime is currently not known and most of the studies are restricted to the assumption of an initial product state. A proper means to treat the interaction energy or Hamiltonian between the system and the bath is still missing. This limitation is also present in classical approaches. In this study, we develop a theoretical framework to deal with the interaction rigorously for strongly coupled classical systems, which is expected to extend to quantum systems.
As the interaction energy changes in time, it accompanies energy changes in both system and bath, hence we expect two different forms of heat. We consider the bath to be equipped with a thermostat provided by another external system, which we call a super bath, so that the total system and bath is able to reach an equilibrium in the absence of a nonequilibrium source. We then find another form of heat in the bath, which is dissipated into the super bath and plays a crucial role to prevent the bath from heating up indefinitely.
In this paper, we present detailed mathematical definitions for the three heats based on the rigorous treatment of the interaction Hamiltonian. We show that there are many different versions of the FT for entropy production due to the three forms of heat. We find that three heats exhibit different fluctuations even in the steady state. We explicitly confirm these properties from a specific example.
First, we consider a general particle Hamiltonian system and bath coupled. The system variables are given by a collection of momentums p = ( p 1 , p 2 , . . . , ) t and positions x = ( x 1 , x 2 , . . .) t , where the superscript t denotes the transposition of vector or matrix. Similarly, the bath variables are given by p B and x B . The Hamiltonian of the total system is composed of three parts:
for the bath, and H I = V ( x, x B ) for the interaction, where the time-dependent protocol λ(t) is prescribed only in the system potential U and the interaction Hamiltonian V is a pairwise potential between the system and bath particles. We take the same mass µ for all system particles and m for all bath particles, just for notational convenience. We assume that the bath is equipped with a Langevin thermostat provided by super bath. Then, equations of motion read aṡ
with the white noise ξ(t) satisfying ξ i (t)ξ j (t ) = 2γβ −1 δ ij δ(t − t ) for the inverse temperature β and the viscosity coefficient γ. Equations of motion lead to energy relations:
(1) whereẆ = ∂U/∂t is the rate of the work produced by the time-dependent protocol λ(t),Q S (Q B ) the rate of heat loss (gain) of the system (bath).Q SB is the rate of heat loss of the bath flowing into the super bath (SB) surrounding it, which was also considered in a recent study [31] . The rates of the three heats are defined aṡ
(2) Note that dH I /dt =Q S −Q B = 0, which is contrary to the usual expectation about the heat exchange between system and bath. From the bath point of view, we get dH B /dt =Q B −Q SB , where the thermostat slows down the increase of the bath energy. For equilibrium bath, the driving on the system by the time-dependent protocol should be mild enough to maintain the bath energy saturated in the long-time limit. Even in this case, thė Q B andQ SB may show different fluctuations. Now, we examine the FT for our model. Though the Langevin thermostat is connected partially only to the bath, the total system plus bath are governed by the Langevin dynamics for which various forms of FT are already known to hold [7, 8] . For example, the integral FT holds for the total entropy production ∆S accumulated during a finite time interval as e −∆S = 1 with ∆S = −∆ ln ρ + βQ SB , (3) where −∆ ln ρ represents the Shannon entropy change with ρ the probability distribution function (PDF) of the total system and Q SB the accumulated heat flowing into the super bath. Here and throughout our paper, we set the Boltzmann constant k B = 1.
These trivial FT's are, however, not very informative from the system point of view. Let q = ( x, p, x B , p B ) t be a state vector of the total system with q S = ( x, p) t for system and q B = ( x B , p B ) t for bath, respectively. The reduced system PDF ρ S (q S ) defined as Tr B ρ(q) is obtained by tracing out the bath variable q B for the total system PDF ρ(q). Then, the Bayes' rule leads to ρ(q) = ρ S (q S )ρ(q B |q S ) with ρ(q B |q S ) the conditional PDF.
In deriving the FT for the system variables, it is useful to introduce a reference state for the total system. In this paper, we consider two typical reference states in the form ofρ(q) = ρ S (q S )ρ(q B |q S ), where the conditional PDF's for the two cases are given by
where the equilibrium bath partition function Z B = Tr B e −βHB and the additional system HamiltonianH S (q S ) originates from the normalization as e −βHS = Z −1 B Tr B e −β(HB+HI) . One can see easily thatH S vanishes in the limit H I ≈ 0.
The case (a) is a special type recently considered by Seifert [30] . If the total system is in equilibrium, (a) is exact and the reduced system PDF becomes ρ S (q S ) ∼ e −βH eff S with H eff S = H S +H S , indicating that the strong coupling induces an additional term in the system Hamiltonian. The case (b) corresponds to the usual assumption of the product state of system and bath.
Difference between the true and reference states can be measured by the relative entropy as D(ρ||ρ) = ln[ρ/ρ]. Then, the total entropy production ∆S in Eq. (3) can be rewritten in terms of the system PDF and other energy variables along with the relative entropy such as
where ∆D a,b are the relative entropy changes for the types (a) and (b), respectively. In this derivation, we utilized energy relations as Q SB − Q B = −∆H B and Q SB − Q S = −∆(H B + H I ). Then, the thermodynamic second laws yield the inequalities,
where the equality holds for non-thermostatted bath (Q SB = 0), due to ∆ ln ρ = 0 for the Louiville dynamics. Nevertheless, the FT's and second laws in the above forms still require the knowledge of the relative entropy change which cannot be accessible without knowing the true PDF ρ(q B |q S ) of the bath. One can get around this when the initial state is not arbitrary but of our reference state (a) or (b) in Eq. (4). For example, consider a quantity ∆A ≡ −∆ ln ρ S + β(Q S − ∆H S ), appeared in Eq. (5), which does not require the knowledge of the bath PDF. With the initial condition prepared with the reference state (a), we get, for a finite
where Π[q(t); λ(t)] (Π[q R (t); λ R (t)]) is the standard conditional probability for the path (reverse path) q(t) (q R (t)) and the protocol (time-reversed protocol) is λ(t) (λ R (t)), and the Schnakenberg relation Π[q(t); λ(t)]/Π[q R (t); λ R (t)] = e βQSB is used. Note that · · · a is the average with the initial state of reference type (a). The final equality comes from the probability normalization because the second integral represents the sum of all possible paths in the reverse process with its initial state of the same reference type (a)
condition is prepared with the reference state (b). The FT for ∆A in Eq. (7) has been recently found by Seifert [30] in the case without the super bath, and the FT for ∆B has been known for quantum systems [32] .
The corresponding inequalities are given as
One should notice that R A or R B do not necessarily increase with interval time τ (dR A /dτ and dR B /dτ can be negative), because the total system PDF does not maintain its form of reference states as soon as the evolution starts. In contrast, R a or R b should increase always with τ . These properties will be shown explicitly from rigorous calculations for a simple example later shown in Fig. 1 . We remark that, with reference initial states, R A ≥ D a (τ ) a ≥ 0 from Eq. (6), which implies the inequality for the total entropy production provides a tighter bound by the amount of the relative entropy at the final time. A similar result was found in Ref. [31] . Now, we take a concrete example for explicit calculation of three heats in average and also their PDF's. Consider a Brownian colloidal particle submerged in a fluid bath. This colloid interacts with bath particles nearby through a finite-range interaction. These perturbed bath particles relax fast into equilibrium and new bath particles begin to interact as the colloid moves through the bath. For an analytic approach, we mimic this situation by considering only a small number N of bath particles moving along with the colloid through strong harmonic interactions [34] . All other non-interacting bath particles are in equilibrium.
For simplicity, we only consider the one-dimensional model and take the bath potential U B = 0. The total system state is given by q = (x, p, x 1 , p 1 , · · · , x N , p N ) t with the system state q S = (x, p) t and the bath state
We use a different ordering of the components of the state vectors from the previous one. Note that we dropped state variables of all other bath particles which do not interact with the colloid. The interaction Hamiltonian is written as H I = i V i where the interaction potential between the colloid and the ith bath particle is chosen as
2 /2, which is long-ranged enough to keep interacting bath particles near the colloid. In order to study non-equilibrium motion, we introduce a sliding harmonic potential with a constant velocity u given by U (x, λ(t)) = k(x − λ(t)) 2 /2 with λ(t) = ut. This protocol for a Brownian particle has been extensively studied experimentally [35] [36] [37] and theoretically [38] [39] [40] for a single-particle Langevin system.
We define q * = q − ut for u = (u, 0, u, 0, . . .) t . Then, the total Hamiltonian at time t can be expressed as a function of q * with no explicit time dependence, given as where various matrices A are obtained from the corresponding Hamiltonians H, H S , H I , and H B which are quadratic in q * . We decompose q * into a stochastic part z and a deterministic part d, which are governed bẏ We get d(t) = −F −1 (I−e −Ft )·u for the initial condition d(0) = 0. The PDF for z at time t is given [42, 43] as
. Then, the PDF for q at t is given by
The nonequilibrium nature of the system is characterized by a nonzero value of q = ut + d(t). We write the three heats and work accumulated for 0 < t < τ using Eq. (1) as
where the subscript x denotes the first (system position) component of the vector and B α = A S , A S + A I , and A eq , respectively for α = S, B, SB. We can choose an initial condition according to type (a) such as A 0 = (β /β)A S + A B + A I and find ρ(q, t) from Eq. (11) . Then, we find R a and R A for Fig. 1 ; see Sec. II in SM [41] . The behavior of the two quantities in time is presented in Fig. 1 , which is consistent with the expectation.
The generating function for the heat distribution is defined as G α (λ) = e −βλQα where · · · denotes the average over all trajectories z(t) for 0 < t < τ , and the initial and final states, z 0 and z τ , for an initial PDF and the trajectory probability. For convenience, we only consider the β = β case for the initial condition, implying that the total system is in equilibrium at the beginning. We have
Here q * τ = z τ + d τ and q * 0 = z 0 are used to get the second line. c α is the multiplicative factor independent of integration. N α is the normalization factor for the renormalized integral due to the alteration of the initial and final PDF's by B α . The renormalized integral · · · ren in Eq. (14) can be performed by using the cumulant expansion in terms of renormalized correlation functions z(t) t z(t ) ren [40] ; see Sec. III in SM [41] . In the following, we consider the long-time limit, neglecting terms with e −Fτ and e −F t τ .
For the equilibrium case (u = 0), the generating function is given by N α only, given in the large τ as (15) where ν = 1, 1 + N/2, N + 1 for α = S, B, SB, respectively. Using the Fourier transformation, we evaluate the equilibrium heat distributions for dimensionless heat r = βQ, given as
where K ν (z) is the second-kind modified Bessel function of order ν. Figure 2 shows a clear difference in three heat distributions depending on N , but their averages vanish as expected in equilibrium. It is interesting to note that P eq S (r) = e −|r|/2 is independent of N and has been found to be consistent with the equilibrium heat distribution for the single-particle Langevin system [44, 45] .
For the nonequilibrium case with u = 0, we find
. This is exactly N times larger than the corresponding value for the single-particle Langevin system [44, 45] , which implies that the dissipation coefficient for the colloid particle increases linearly with the number of interacting bath particles. This is consistent with the usual Stokes' formula [46, 47] and indicates that our rather oversimplified model still describes the colloidal particle dynamics reasonably well.
We compute Eq. (14) for the large τ limit and find (1 − λ 2 ) ν ,
which can be evaluated by using the saddle-point approximation due to singularities [40, 48, 49] . The saddle point λ * occurs in the range −1 < λ * < 1. We consider three piecewise regions: (1) far from λ * = ±1 corresponding to −1 < q < 3 (center); (2) λ * 1 corresponding to q < −1 (left wing); (3) λ * −1 corresponding to q > 3 (right wing). After some algebra (see Sec. V in SM [41]), we find 
The most significant corrections to the large deviation function, proportional to τ in the exponent of the above equation, appear in the right wings for q > 3. Difference arises from the initial memory effect of different Hamiltonians in Eq. (13) [40, [48] [49] [50] [51] .
For a general strongly coupled system and bath, we find the appearance of the three different heats and various forms of FT involving different heats. From the example of a sliding harmonic potential, we confirm the FT for the total entropy production providing a tighter bound than other FT's and manifest explicitly the difference in fluctuations of three heats in equilibrium and also nonequilibrium steady states. It would be interesting to study on various heats and FT's for quantum systems.
